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(— I I Abstract 
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. We obtained the C° continuity for weak solutions of a class of ul- 

traparabolic equations with measurable coefficients of the form dtu = 
YlTj=i'^i^^vi^->^)-^i + ^0^^- The result is proved by simplifying 
^SI ■ and generalizing our earlier arguments for the regularity of homo- 

^ \ geneous ultraparabolic equations. 
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We are concerned with the regularity of a class of ultraparabolic equa- 
tions. One of the typical example of the ultraparabolic equations is the 
following equation 

(11) ^'^ J^y^'^ ^2^^'"_g 

dt dx dy"^ 

which is of strong degenerated parabolic type equations, more precisely, an 
ultraparabolic type equation. On the other hand, the equation (1.1), if we 
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consider it as an equation of -, has the divergent form. The recent paper 
of Pascucci and Pohdoro [18], has proved that the Moser iterative method 
still works for a class of ultraparabolic equations with measurable coefficients 
which are called homogeneous Kolmogorov-Fokker- Planck equations(or KFP- 
equations). By the same technique, Cinti, Pascucci, Polidoro [3] consider a 
nonhomogeneous KFP-equations, and Cinti, Polidoro [4] deal with a more 
general ultraparabolic equation which we will concentrate on in this paper. 
Their result shows that for a non-negative sub-solution u of the ultraparabolic 
equation they considered, the L°° norm of u is bounded by the norm 
(P>1)- 

Prom mathematical points of view, the ultraparabolic equation that we 
considered has some special algebraic structures and is degenerated. There 
are more and more studies on this problem in recent years. We have proved 
that if the weak solution obtained in [21] of (1.1) is of class, then u is 
smooth. The second author [23] has proved C° property of weak solutions 
by Kruzhkov's approach for homogeneous KFP-equations, and the authors 
deal with nonhomogeneous KFP-equations in [20] . By simplifying the cut-off 
function and generalizing our earlier arguments, we are able to prove the C° 
regularity for weak solutions of more general ultraparabolic equations. We 
prove a Poincare type inequality for non- negative weak sub-solutions of (1.2). 
Then we apply the inequality to obtain a local priori estimate which implies 
the Holder estimates. 

Consider a class of ultraparabolic operator on R^^^: 

mo 

(1.2) Lu= ^ Xi{aij{x, t)Xj u) + Xqu — dtu — 0, 

where (x, t) — z E R^'^^, ^ < rrio < N, and X^-'s are smooth vector fields on 
i?^, for j = 0, 1, • • • ,mo. 

We follow the notations as in [4]. Let A = (ajj)^oxmo) ^-^^ Aq be the 
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identity matrix of mo x mo- Put Y = Xq — dt, and denote 

mo 

(1.3) L,:=j:xl + Y 

k=l 

A curve 7 : [0, T] — > i?^"*"^ is called Li-admissible, if it is absolutely contin- 
uous and satisfies 

mo 

7'(s) ^J2^kis)X,{^{s))+Y{jis)), a.e. in[0,T], 

ifc=i 

for suitable bounded measurable functions Ai(s), . . . , A^(,(s). 

We make the following assumptions on the operator L: 

[Hi] : the coefficients Uij, 1 < i,j < mo, are real valued, measurable 
functions of {x,t). Moreover, aij — aji e L°°(i?^+^) and there exists a A > 
such that 

1 mo mo mo 

^ i=i ij=i i=i 

for every {x,t) e and ^ e Xq = Y.i=ibj{,x)d^. with smooth 

functions hj{x)] 

[H2] : there exists a homogeneous Lie group G = {R^'^^, o, S^) such that 

(i) Xi, . . . , X^no, Y are left translation invariant on G, 

(ii) Xi, . . . , Xjn^ are 5^- homogeneous of degree one and Y is 5ju-homogeneous 
of degree two; 

[H3] : for every {x,t), (^,r) G R^~^^ with t > r, there exists an Li- 
admissible psith J : [0, t— r] i?''^"'"^ such that 7(0) = {x,t), ^{t—T) = {i,T). 

The requirements of [H2] and [H3] ensure that the operator Li satisfies 
the well-known Hormander's hypoellipticity condition by Kogoj and Lan- 
coneUi [8]. We refer to [4] and [8] for more details on the hypoelliptic type 
operator on 
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The Schauder type estimate of (1.2) has been obtained, for example, 
Lunardi [12] and Manfredini [14]. Besides, the regularity of weak solutions 
have been studied by Bramanti, Cerutti and Manfredini [2], Polidoro and 
Ragusa [19], Manfredini and Polidoro [13] assuming a weak continuity on the 
coefficient aij. It is quite interesting whether the weak solution has Holder 
regularity under the assumption [Hi]. One of the approaches to the Holder 
estimates is to obtain the Harnack type inequality. In the case of elliptic 
equations with measurable coefficients, the Harnack inequality is obtained 
by J. Moser [15] via an estimate of BMO functions due to F. John and 
L. Nirenberg together with the Moser iteration method. J. Moser [16] also 
obtained the Harnack inequality for parabolic equations with measurable 
coefficients by generalizing the John-Nircnbcrg estimates to the parabolic 
case. Also De Giorgi developed an approach to obtain the Holder regularity 
for elliptic equations. Another approach to the Holder estimates is given by 
S. N. Kruzhkov [9], [10] based on the Moser iteration to obtain a local priori 
estimate, which provides a short proof for the parabolic equations. Nash [17] 
introduced another technique relying on the Poincare inequality and obtained 
the Holder regularity. 

Let X be the gradient with respect to the variables Xi, X2, • • • , Xmo, and 
Xu — {Xiu, X2U, ■ ■ ■ , X^qu)'^. We say that uis a weak solution if it satisfies 
(1.2) in the distribution sense, that is for any e C^(Jl), Q is a open subset 



where u, Xu, Yu e Lf^^{Q). 

Our main result is the following theorem. 

Theorem 1.1 Under the assumptions [Hi] ~ [H3], the weak solution of 
(1.2) is Holder continuous. 



of R^+\ then 



(1.3) 
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2 Some Preliminary and Known Results 



We follow the earlier notations to give some basic properties. For the more 
details of the subject, we refer to Cinti and Polidoro [4], Kogoj and Lanconelli 
[8], or Bonfiglioli, Lanconelli and Uguzzoni[l]. 

We say a Lie group G — {R^^^ , o) is homogeneous if a family of dilations 
(5^)^>o exists on G and is an automorphism of the group: 5^{zoC,) — Sn{z)o 
5^(C), for all z,C & R^'^^ and > 0, where 

for 1 < i < N, Ui is a positive integer, and ai < a2 < ■ ■ ■ < cxn- 
Moreover, the dilation 5^ induces a direct sum decomposition on R^ , and 

R^ = Vi®, ■ ■ • , eVfc- If we denote x = x^^^ + x^'^^ H h x^'''> with x^^'> G Vj , 

then 

Si^{x,t) = {D^x,nh), 

where 

+ + • • • + = (/.a;^^) + ji'^x^^^ + • • • + A^'^)). 

Let 

Q — dimVi + 2dimV2 + • • • + kdimVk, 

then the number Q + 2 is usually called the homogeneous dimension of 
{R^~^^, o) with respect to the dilation 5^. 

A real function f{x) defined on i?^ is called 5 ^-homogeneous of degree 
m e i?, if f{x) does not vanish identically and, for every x e R^ and > 0, 
it holds 

/(5^(x,0)) = A-/(x). 
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A no n-identically- vanishing vector field X is called 6 ^-homogeneous of degree 
m e -R, if for every e C°°(i?^), x e , and > 0, it holds 

X(0(5^(a;,O)))=/x"^(X0)(5^(x,O)). 

The norm in R^+\ related to the group of translations and dilation to 
the equation is defined by 

ll(^>^)ll = 

if r is the unique positive solution to the equation 

^2 ^2 j-2 

tX'-l J^o AT 

— — H — + ^ — H = 1 

where (x, t) e it!^+^ \ {0} and by [H2] and Hormander's hypoellipticity con- 
dition, we attain 

= = Olmo = 1, 1 < ttmo+l < • • • < OlN. 

And 11(0,0)11 = 0. Obviously 

||5,(a;,t)||=/.||(a;,t)||, 
for all {x,t) e The quasi-distance in G is 

d(^,C):=||r^o^||, V;.,Cei?^+\ 

where 

(2.1) C'oZ^{S{x,t,C,T),t-T) 

and S* G i?^ is smooth (sec [8]). Moreover, for every compact domain K e 
R^~^^, there exists a positive constant such that 

(2.2) c'^i|^_^|<c^(^-c)<CK|^-Cli V^,CeX 
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where | • | denotes the usual Euchdean modulus (see for instance, Prop 11.2 
in [7]). 

The ball at a point {xq, to) is defined by 

l3r{xo,to) = {{x,t)\ \\{xo,to)-^ o < r}, 

and 

B~{xo,to) = Br{xo,to) n{t < to}. 

For convenience, we sometimes use the cube instead of the balls. The cube 
at point (0, 0) is given by 

C(0,0) = {(a;,t)| |t|<r^ \xi\ < r''\ ■ ■ ■ ,\xn\ < r"^}- 

It is easy to see that there exists a constant Ai such that 

C^(0,0) C,B,(0,0) cCa,,(0,0), 

where Ai only depends on Q and N. 

We recall Li = jy^li^k + ^) whose fundamental solution ri(-,C) with 
pole in C e R^~^^ is smooth out of the diagonal of R^~^^ x R^~^^, has the 
following properties: 
(2.3) 

(z) r,{z, c) = ri(c-^ o ^, 0) = ri(c-^ oz), v^, c e z + C; 

(ii) ri(z,C) > 0, and ri(x, ^, r) > if t>T\ 

(iii) lRN^i{x,t,^,T)dx ^ JjiNri{x,t,^,T)d^^ 1, if t > r; 

(iv) T^{6^ o z) = i^-'^T,{z), yz^O,fi>0; 
moreover, 

(2.4) r,{zX)<c\\c-'oz\rQ, 
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for all z,C^ R^+\see [4] or [8]). 

A weak sub-solution of (1.2) in a domain Q is a function u such that u, 
Xu, Yu e LL(^) and for any e C^{n), > 0, 

(2.5) / (j)Yu- (XuVAX(j)>0. 

Jn 

A result of Cinti and Polidoro obtained by using the Moser's iterative 
method (see Prop 4.4 in [4]) states as follows. 

Lemma 2.1 Let u be a non-negative weak sub-solution of (1-2) in Jl. Let 
{xQ^to) e Q and B~{xo,to) C and p > 1. Then there exists a positive 
constant C which depends only on the operator L such that, for < r < 1 

(2.6) sup uP<-^ [ uP, 

B-ixo,to) JB-{xo,to) 

provided that the last integral converges. 

Wc make use of a classical potential estimates (see (1-11) in [5]) here to 
prove the Poincare type inequality. 

Lemma 2.2 Let {R^'^^^o) is a homogeneous Lie group of homogeneous di- 
mension Q + 2, a & (0, Q + 2) and G e C(i?^+^ \ {0}) be a S ^-homogeneous 
function of degree a — Q — 2. If f & Lp{R'^'^^) for some p e (1, oo), then 

Gf{z)^ J^^^^G{C'oz)f{OdC, 

is defined almost everywhere and there exists a constant C — C{Q,p) such 
that 

(2-7) \\Gf\\L,^RN+i) <C max \G{z)\ 1 1/| |LP(Riv+i), 

where q is defined by 

1 _ 1 a 
q~ p~ Q + 2' 
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Corollary 2.1 Let f e L'^{R^~^^), and recall the definitions in [3] 
and 

r^iXj f){z) = - j^^^^ xfT,{z, OfiOdC, yz e 

where j — 1, - • ■ , thq, then exists a positive constant C — C{Q) such that 

(2-8) ||ri(/)||^2fc(^JV+l) < C||/||i2(flJV+l), 

and 

(2-9) \\Vl{Xjf)\\]^2k(^RN+l-^ < (^11/1^2(^^^+1), 

where ^ = 1 + g32, k — and j = 1, - ■ ■ , tuq. 

3 Proof of Main Theorem 

We may consider the local estimate at a ball centered at (0,0), since the 
equation (1.2) is invariant under the left translation when aij is constant. 
The key point in our argument is to obtain a Poincare type inequality. Then 
by using the Poincare type inequality, we prove the following Lemma 3.5 
which is essential in the oscillation estimates in Kruzhkov's approaches in 
parabohc case. Then the C regularity result follows easily by the standard 
arguments. We follow the same route as [23] and [20], but the idea is more 
simple and technical. We give them together for completeness. 

For convenience, we let x' = (xi, ■ ■ ■ ,Xmo) and x = {x',x). We consider 
the estimates in the following cube, instead of B~ , 

C; = {{x,t)\ -r^<t< 0, \x'\ < r, \xmo+i\ < (AV)"-o+i, . • • , 
\xn\ < (A'r)"^}, 
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where A' > 1 is a positive constant, to be decided in (3.8). Let 

Kr = {x'\ \x'\ < r}, 

Sr^{x I \x^,+l\ < (AV)"'"0+i, . . . , \xj,\ < (AV)"^}. 

Let < a, /3 < 1 be constants, for fixed t and h, we denote 

Mt,h = {{x' ,X)\ {x',x) e Kpr X Spr, u{-,t)>h}. 

By the homogeneousness oi Xj, j — 1, ■ ■ ■ , mo, we can deduce 

mo 

i=l i>m,o 

where C^^^ is a constant for i < mo and C^^'^ (x) is a polynomial of homoge- 
neous degree ctj — 1 for i > mo- Similarly 

^0 = E bi{^)9xi: 
i>mo 

where bi{x) is a polynomial of homogeneous degree CKj — 2. In the following 
discussions, we always assume r <^ 1, and that the constants C^\i < mo) 
and the coefficients of these polynomial functions bj{x) and C^^\x){i > mo) 
are bounded by A, since we can choose A as a large constant. Moreover, all 
constants dependant on mo, k or Q will be denoted by dependence on B. 

Lemma 3.1 Suppose that u{x,t) > be a solution of equation (1.2) in C~ 
centered at (0,0) and 

mes{{x,t) e C~, u>l}> ^mes{C~), 

then there exist constants a, (3 and h, < a, f3, h < 1 which only depend on 
B, A and N such that for almost all t G (— Q;r^,0), 

mes{J\ft,h} > ^mes{Kpr x V}- 



10 



Proof: Let 

^ = ln+(^-^), 
U + ha 

where h is a constant, < /i < 1, to be determined later. Then v at points 
where v is positive, satisfies 

mo 

(3.1) Yl M^ijix, t)Xj v) - (XvfAXv + Xov-dtV^ 0. 

Let r]{s) be a smooth cut-off function so that 

r]{s) = 1, for s < j3r, 

rj{s) = 0, for s > r. 
Moreover, < 77 < 1 and \r]'\ < -(jz^- 



Now we let rji = ri{\x'\) and 772 = Hj^moVjy where rij = for 
j >mo . 

Multiplying ryfr^l to (3.1) and integrating by parts on Kj. x Sr x (r, i) 

Ik^^ Is^, v{t, x', x)dxdx' + \ /^^ Js^ r]lr]l \Xv\^dxdx'dt 

< ^^{i+y-'+y-')\spr\\Kpr\ 

(3-2) + Ir Ik, Is, rjlrj^Xovdxdx'dt + 1^^ Ig^ v{t, x', x)dxdx' 

- \^Pr\\ K/3r \ + ll Ik, Isr vM^ovdxdx' dt 



Let 



+ Ixr Isr ^('^' x)dxdx', a.e. r, t e (-r^ 0) 



Ib= 1 1 rjlrjl ^ bj{x)dx.vdxdx' , 
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then 
(3.4) 

\Ib\ = \lKjsrVlT.j>moibj{x)d^M)vdxdx'\ 

< C{X, N) \n{h-l) J^^ Js^ Ej>mo W{\xj\^^)\ ^ \x,\^-\X'rr^-' 

Integrating by t to J^, we have 

(3.5) J^J^Js^vlvlXovdxdx'dt < ^i^f3-^Q\S^,\\Kp,\\n(h-l). 
We shall estimate the measure of the set N't,h- Let 

fi{t) = mes{{x' ,x)\ X G K^.^ x G Sr, u{-,t) > 1}. 
By our assumption, for < a < | 

\ rO r-ar'^ rO 

-r^mes{Sr)mes{Kr) < / iJ,{t)dt — / fj,{t)dt + / iJ,{t)dt, 
that is 

/—ar ]^ 
IJ,{t)dt > (- — a)r'^mes{Sr)mes{Kr), 

then there exists are (— r^, — ctr^), such that 

(3.6) ii{t) > (- — ck){1 — a)~^mes{Sr)mes{Kj) . 
By noticing v = when m > 1, we have 

(3.7) / / v{T^x\x)dxdx' <^{1 — a)~^mes{Sr)mes{Kr)\Ti{h~i). 
Now we choose a (near zero), P (near one), and A' large enough such that 

^"^■^^ (1-/3)A'2^ +2/3Q(l-a) - 5' 
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and fix them from now on. 

By (3.2), (3.5), (3.7) and (3.8), we deduce 

(3.9) 

- [ A^i-ffP + |ln(/i l)]mes{Kpr x 5"^^). 
Wlien {x',x) ^ At,/i,, we liave 



then 



\n{-^)mes{Kpr X Spr\J^t,h) < [ [ v{t,x',x)dxdx'. 



Since 

C + |ln(/t-t) 9 
ln(/i-i) 'To' 

then there exists constant hi such that for < /i < /ii and t & {—a 

mes{Kpr X S/3r\Aft,h) < ^mes(X^r x 5';3^). 

Then we proved our lemma. 

Let x(s) be a smooth function given by 

X(s) = 1 i/ s < ^^r, 
X{s) =0 i/ s > r, 

where ^« < | is a constant. Moreover, we assume that 

and for any /32, with 6'« < /3i < /32 < 1, we have 

\x'{s)\>C{Pi,P,)r-'>Q, 
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if (3ir < s < (52r. 

For xeR^,t<Q, we set 

Q - {{x\ x,t)\-r^ <t<Q,x' eKr_^ \x^\ < {^pj = mo + 1, • • • , iV}. 
We define the cut off functions by 

TV 5)2a, 2 
j=mo+l 

M^,t) = x{e\x'\), 

(3.10) (f){t,x) = Mt:X)MX:t), 

where Ci > 1 is chosen so that 

> I Ei>mo 2^^"^ bj {x)xjr^-^''i \ , 

for all z e Q. 

Remcirk 3.1 By the definition of (p and the above arguments, it is easy to 
check that, for 6, r small enough and t < 

(1) (j){z) = 1, in Bg^, 

(2) supp(/.n{(x,t)|x e RN,t < 0} C Q, 

(3) there exists cti > 6, which depends on Ci, such that 

{(x, t)\ — CKir^ < i < 0, e Kpj., X e Sjjr} C supp0, 

(4) < (po{z) < 1, for z e {{x,t)\ - aiT^ <t < -9r^,x' G Ki3r,x e Si3r}. 

Lemma 3.2 Under the above notations, we have 

YMz) < 0, for z e Q. 
14 



Proof: Let [Ef=^o+i - Ciir^-^] be denoted by [•••]. Then 

For the term bj{x)xjr'^~^°'^ , since \bj{x)\ < C{\, N){'^)°'^~^, we obtain 
I '2e^'"'bj{x)xjr^-^''^\<C{X,N)e^r^-^. 



We can choose a positive constant Ci > 1, such that C{X,N)9^ < Ci, then 
Y(f)o{z) <0 (zeQ) holds. 

We sometimes abuse the notations of B~ and C~ , since there are equiva- 
lent. Now we have the following Poincare's type inequality. 

Lemma 3.3 Let w be a non-negative weak sub-solution of (1.2) in i3f . Then 
there exists a constant C, only depends on B, X and N, such that for r < 



j>mo 



e < 1 



(3.11) 




where Iq is given by 



(3.12) 







SUPq- [Ii{z) + C2{z)], 



and 



(3.13) 





where Fi is the fundamental solution, and (p is given by (3.10). 
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Proof: We represent w in terms of the fundamental solution of Fi, i.e. 



^{z) = -[ V,{zX)LMC)dC, G Co°^(i?^+^^ 

J Rn+1 



By an approximation and the support of and Fi, for z e Bq^, we have 
= !b- [{AoX{w4>),XT^{z, ■)) - Fi(^, ■)Y{w4>)] {QdC 

(3.14) 

= h{z)+l2{z) + h{z)+C2{z), 

where Ii{z) are given by (3.13) and 

l2{z) = I [{{Ao- A)Xw,XT^{z,-))cl>-T^{z,-){{A + Ao)Xw,Xct>)]{C)dC., 

h{z) = [ [{AXw,x{r,{z, ■)<!>)) - r,{z, -^YwmdC. 

JB~ 
F 

C2(z)= / \{A^X^,XV^{z,-))w^V^{z,-){A^Xw,X^)\{C)d(^ 

Note that supp0n{T < 0} C Q C BV, z e Bg^ and (AqXcI), Xri{z, ■)) 
vanishes in a small neighborhood of z. Integrating by parts we have 

C2{z) = /e-[Epi \x]m{z, ■)w]{Odc 

Prom our assumption, it; is a weak sub-solution of (1.2), and is a test 
function of this semi-cylinder. In fact, we let 



X{r) = < 



1 r < 0, 

l-nr 0<r<l/n, 
r > 1/n. 



Then x(r)0Fi(2;, ■) can be a test function (see [4]). As n — oo, we obtain 
(t)Ti{z, •) as a legitimate test function, and I^{z) < 0. Then in Bq^, 



0<{w{z)-Io)+<l2{z) = l2i + L 



22- 
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By Corollary 2.1 we have 
(3.15) II 

-^2i||l2(S, 

Similarly for I22, 



(3.15) ||/2i||l2(h-) < C{X,N)er\\h,\\^,^^^^_^ < C{B, X, N)0r\\Xw\\^,^^-y 



||/22||l2(b-) < l^e-.l^"^l|/22||^2^(B-) < C{B,\N)e\^\\ \XW\ \Xct>\ ||^.(e-), 

where 

Wi| = lx'(^ie'l)^^(ie1)l<C(S,A,7V)^, 

and 

Wol < W\-^[--]^-' E I VL,-Q ' \<C{BA.N)e^r-\ 

^ l<i<mo,j>mo 

thus 

||/22lL.(e-)<C;(i?,A,iV)^V||X«;||^.(^-). 
Then we proved our lemma. 

Now we apply Lemma 3.3 to the function w — In^ — If is a weak 
solution of (1.2), obviously is a weak sub-solution. We estimate the value 
of Iq given by Lemma 3.3. 

Lemma 3.4 Under the assumptions of Lemma 3.3, there exist constants 
\q, To and r^ < 9. Aq only depends on constants a, (3, \, B, N , and (j), 
< Ao < 1, such that for r < ro 

(3.16) |7o| < Aoln(/i-5). 

Proof: We first come to estimate 6*2(2;) and as before, denote x — {x',x,t) 
and ( — (^', t). Note z e Bg^, we have 

l^^2(^)| 

< /B,[EJlMx|0|ri(z,-)H(c)rfC 

< r2sMpjesupp(X0) ETA \X]<P\ ln(/i-|). {By (iii) in (2.3)) 
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We only need to estimate 

\X](j)\ < |X|0i| + 2\Xj(l),Xj(l)o\ + |X|0o|, 
where \Xj(f)i\ = \ex'{0\C'\)d^.\C'\\ < 2er-\ \X'^j(t>i\ < Ce^'^r-^ and 

^ i>mo ' 

moreover, 
Hence 

(3.17) \C2{z)\ <C{B,X,N)e^ln{h--s) ^C{B,X,N)e''Hn{h--s) 
where ao = ^ > 0. 

Since Xq — J2j>mo bj{^)9xj, we know y0 = 0iy0o- Now we let w = 1, 
then for z e B^^ (3-14) gives, 

(3.18) 1 = /b. [-0iri(^, O^^^oKOc^C + ^^2(;^)U=i. 
By Lemma 3.2, 

(3.19) -0iri(z,-)1^0o>O, 

we only need to prove —(piTii^z, ■)F0o has a positive lower bound in a domain 
which w vanishes, and this bound independent of r and small 6. So we can 
find a Ao, < Ao < 1, such that this lemma holds and Aq is independent of r 
and small 9. We observe that the support of x'i-'^) is in the region < s < r, 
thus for some f3' < 1, the set B^,^\B^^ with 9r^/Ci < \t\ < air^ is contained 
in the support of 0i0o • Then we can prove that the integral of (3.19) on a 
subset of the domain Bg,j. \ B~^ is lower bounded by a positive constant. 
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For z e Bq^^ < cti < q; and set 
(3.20) 

C e Z = {(e,r)| - air^ < r < -^r^, G i^^^., { e ^^(e,^) = 0}, 

then \Z\ = C(q;i, /3, A, A^)r'2+2 by Lemma 3.1. We note that when C = 
r) e Z and Q is small, ^(C) = 0, (/)i(C) = 1, 

|X'([--#)| >C(ai,i?,A,iV)r-^>0. 

Consequently 

/^[-0iri(z,-)r0o](C) ciC 

> C(S, A, ai, TV) t^-\t^\ V-iri(C-^ o ^, 0)dC 

> C{B, A, ai, TV) r-2ri(C-i o ^, 0)(iC 

= C(B,X,a,P,N) = C4 > 0, 

where we have used Ti{z, Q > Cr~'^, as r < — and 2; G -B^. In fact, by 
(iv) in (2.3) one get 

where ^ < ^ < 1 and S is bounded by (2.1), hence by the property (ii) 
in (2.3) of Fi, we have Fi(z,C) > C{ai)r~^. Then we can choose a small 9 
which is fixed from now on and Tq < 9, such that 

(3.21) |7o| < (l-C4 + C3r°)ln(/i-5)+C3r°ln(/i-5) < XoHh'^) 
where < r < Tq, < Aq < 1, depends on a, /3, B, A, A^, and (p. 

Lemma 3.5 Suppose that u{x,t) > is a solution of equation (1-2) in B~ 
centered at (0,0) and mes{{x,t) e B~ , u > 1} > ^mes{B~). Then there 
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exist constant 6 and ho, < 6,ho < 1 which only depend on B, X, Aq and N 
such that 

u{x, t) > ho in Bg^. 

Proof: We consider 

w = ln+( -j), 

U + ha 

for < /i < 1, to be decided. By applying Lemma 3.3 to w and scaling, we 
have 

Let u—'^, then u satisfies the conditions of Lemma 3.1. We can get similar 
estimates as (3.2), (3.5), (3.7) and (3.8), hence we have 



/ {w-Io)l<C{B,KN)^j^ f \Xw\\ 



(3.22) < C{B, A, N)^^[^^^ + I ln{h-s)]mes{K^r x Spr) 

< C{e,B,N, A)ln(/i-i), 

where 6 has been chosen. By Lemma 2.1, there exists a constant, still denoted 
by 9, such that for z e Bg^, 

(3.23) w-/o < C(5,A,7V)(ln(/i-i))i 
Therefore we may choose ho small enough, so that 

C(ln(4))^<ln(^)-Aoln(4), 
H 2/i« hi 



then (3.16) and (3.23) gives 



ho ^ 1 

sup ^ < 5 

H,- u + h^ 2hr] 
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which impUes infg- u > Hq, then we have finished our proof. 

Proof of Theorem 1.1. We may assume that M — supg-(+w) = 
supg-(— w), otherwise we replace u by u — c, since u is bounded locally. 
Then either 1 + or 1 — satisfies the assumption of Lemma 3.5, and we 
suppose i + does it, thus Lemma 3.5 implies existing ho > such than 
infg- (! + §)> ho, i.e. u > M{ho - l),then 



which implies the regularity of u near point (0, 0) by the standard iteration 
arguments. By the left invariant translation group action, we know that u is 
C" in the interior. 



Or 
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